PC-Based Electrostatic Field Calculation Techniques
ABSTRACT

When working with high voltage equipment, it is helpful to be able to predict what the electrostatic
potentials are in the various regions of the equipment during operation. With the development of

powerful microcomputers, it has become possible to perform electrostatic calculations of moderate
complexity. Though performed at slower speeds than with mainframe computeres, these calculations
provide comparable accuracy at a lower cost and with enhanced user interface capabilities. The Personal
Computer (PC) based codes evaluated are commercially available and use the Boundary Element Method
(BEM) and the Finite Element Method (FEM) to solve electrostatic field problems. These methods use
derivative (FEM) and integral (BEM) techniques to solve Poisson's equation for the electrostatic potentials
within the region of interest. Both codes allow the user to define the geometry of the problem as well as
any dielectric materials with data entry devices (mouse, digitizing table...). The advantages of each
method are described and results are shown. These results demonstrate the usefulness of PC-based
codes for performing electrostatic analyses.
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Abstract

when working with high voltage
equipment, it is helpful to be able to
predict what the electrostatic
potentials are in the various regions
of the equipment during operation.
With the development of powerful
microcomputers, it has become possible
to perform electrostatic calculations
of moderate complexity. Though
performed at slower speeds than with
mainframe computers, these calculations
provide comparable accuracy at a lower
cost and with enhanced user interface
capabilities. The Personal Computer
(PC) based codes evaluated are
commercially available and use the
Boundary-Element Method (BEM) and the
Finite Element Method (FEM) to solve

electrostatic field problems. These
methods use derivative (FEM) and
integral (BEM) techniques to solve
Poisson's equation for the

electrostatic potentials within the
region of interest. Both codes allow
the user to define the geometry of the
problem as well as any dielectric
materials with data entry devices
(mouse, digitizing tablet ...). The
advantages of each method are described
and results are shown. These results
demonstrate the usefulness of PC-based
codes for performing electrostatic
analyses.

I. TNTRODUCTION

In determining solutions to
electrostatic problems with a computer,
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Maxwell's equations are not solved in
closed form, but the region of interest
is divided up into small areas, a
process called discretization. There
are three approaches to solving the
discretized Maxwell Equations : the
Boundary Element Method (BEM), the
Finite Element Method (FEM) and the
Finite Difference Method (FDM) ([1].
The BEM expresses Maxwell's equations
in integral form and solves for the
source of the field on the boundaries
of the device. The FEM requires that
the device geometry be broken up into a
mesh of many small pieces of standard
shape and expresses Maxwell's equations
in differential form. The FDM also
solves the equations in differential
form, but in this case can solve them
only with a regular mesh while the FEM
allows. irreqularly shaped meshes. Only
the BEM and FEM will be discussed.

II. EINITE ELEMENT METHOD

The FEM solves electrostatics
problems by breaking the entire domain
of interest into small triangular
regions (called elements) as shown in
Figure 1. The elements can be
uniformly distributed or concentrated
in highly divergent field areas. A
solution for Laplace's eguation
(V2v=0) is then found by minimizing the
energy contained within each element
{2]. The total energy of an element is
given by

W = Ie/z{ [dv/dx]2+([dv/dy}?}dy (1)



where V is the electrostatic potential,
dy is the infinitesimal area element
and ¢ is the dielectric constant.
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Fig 1. Example of a FEM Mesh

A first order FEM algorithm assumes
that the potential wvaries linearly
within the triangular elements.
Therefore,

Vix,y) =08 + at x +oily  (2)
where ali ‘ azi, and a3i are constants

within the i'th element (see Figure 1).
Equation 2 is then substituted into
Equation 1 giving :

wh =gyl ([ a,t12 + [a;112}/2 (3)

where ¥ is the area (for a two
dimensional problem) of the triangular
element. The a terms (as will be show
later) are a function of V- ’

The next step is to calculate the
potential V, shown in Figure 1. Values

for a can be calculated as a function
of Va since the potentials at nodes 1-4

are known. This is accomplished by
using Equation 2 as follows :

V() = oyl + oyl ox +oasl oy

V(2) = ol + oyl ox, +azl y, (4

vm = ol o+ oayt oxy +oast oy,
These equations can be solved for
a vy, a,l(vy, and azl(v)). The
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process is then repeated for each of
the three remaining elements (2, 3, and
0. el .

The potential at (x,,y,) is then
found by minimizing the total energy
contained in the four surrounding
elements. In mathematical terms, the
following minimization equation is
solved :

dw/dvm = 0 =
(d/dvm) Wl + (d/dvm) w2 +
(d/dvm) W3 + (d/dvm) w¢ (5)

The result is an approximation for the
electrostatic potential V, at the point

(Xns Y) - The distribution of the

potentials is then given by Equation
(2) within each element.

III. BOUNDARY ELEMENT METHOD

The BEM takes a different approach
to solving electric field equations.
As shown in Figure 2, the "elements"
are placed only on the boundaries of
the geometry. The elements are linear
in contrast to the triangular elements
used for the FEM. The BEM uses an
integral formulation of Laplace's
equation. Through the use of Green's
theoremn, the FEM type mesh is
eliminated. A BEM solution can be
completed in one of many ways. Due to
the complexities involved, only a
limited general approach will be
discussed here (3].

Qrrpprrrets
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Fig 2. Example of BEM Element
Placement



The first atep in obtaining a BEM
solution is to formulate an integral
egquation that ﬂaacribin_ tha
electrostatic potentlials. Tha format
of such an egquation is as followa:

La = g (&)

where L is & linesar integral oparator,
g i3 known and o i3 expanded as was
done for the FEM ([(Bquatien 2) a3a
followa:

a= L a,p, (7

where o, are conatant coefficientsa and
the B, terms

furiction. ‘Theas functions ultimately
datermine the accuracy of the aclution
and therefore muat be chosen wveary
carafully.

The subastitutlon of Eguation (7]
into Equation (6} (while assuming that
L is lineaz) results in,

are +the eaxXpanaion

I, a.Lif,) =g (8

It 1z now required that a suitable
rinner product™ <£,g* be determined.
The inner producst muat satisfy the
following conditiona (4],

«f,g> = <g,£>
caf+fg, h> = g<f, h> + flag, h>
<fs, £f> > 0 if f=0
wfe, fx = if £=20
Using the Galerkin method [4], the

inner product of each side of Equation
(8} with A, , the following eguation is

arrived atc:

L, a, <, 18> = <f, .g> {9

This eguation can be rewritten using
matbrix notAatian as,

S = b

where 5,, = «<f,,LB.> and b =<i, g>.
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The esguation is then solved for the o
vactor. Theaa coafficlents aleng with
Equation (7) define O, which is the
parameter of intezest.

I¥ COMPRRISON OF BEM. TEH

The aimilarity betwean the BEM and
FEM methoda i’ minimal with adwantages
appearing for  both caleulation
technigueaa. Tha flzst order FEH
method results in egquipetencial sines
that are linear within the elemental
area. Discontinuities will occour at
cthe boundaries of each elemant which
may 4introduce asignificant error in
highly divergent field regions. This
difficulty associated with the FEM
method can bea minimized through the use
of a higherc arder algarithm
imodification of aguation 2) or by
incresasing the number of elements. The
number of elements 1z limited by the
computes's avallable memocry. The BEM
mathod pEovides cantlinuous
eguipotential contours that are f-ee
from discontinuities sSince & single
potential function is calculated for
the entire reglion of incersat.

The BEM method provides an error
check methed that is inherent to the
calculation of a peotential function,
By wusing the potential £function to
calewlate the wvoltagea at the defined
boundaries, the accuracy of the BEM
calculation can be tested, The
caleulated waluea ahould macch the
defined walusa, The FEM does not
provide such & capability other tham
the minimization of discontinuities as
discusaed abowve,

The BEM is much more complex To
program than the FEM. The BEM methaod
requires complex integration technigues
where the FEM utilizesa linear algebra
to salve for the fields, The BEM
inherently solves open field preblems
whars the entire reglion musat be bounded
far the FEM. Finite element methods
reguire more dacs storage area due Lo
the larger number of elements needed to
complete ascurate calculationa, The
BEM elementa are confined te the
geameteical boundaries af the prables.



Y. SOFTWARE CAPABILITIES

To demonstrate the capabilities of
PC based electrostatic calculation
techniques, an electrostatic package
which uses the BEM was evaluated. The
ELECTRO [S5)] analysis code package
allows the user to enter geometries
using a mouse or a digitizing tablet.
Also, the package provides graphics
routines to present the data in a
variety of formats. This includes
equipotential contour plots , E-field
plots, and 2 and 3 dimensional graphs
of E-field values as a function of
position. The program is also capable
of calculating capacitance values and
transmission line impedances. 1In order
to demonstrate some of the
capabilities, a sample problem will be
solved and shown along with the results
of several other simple examples.

A. Sample Problem
The Problem to be solved is shown

in Figure 3. First the geometry is
entered using one of the data entry

COUCTOR (1000V)

INSLLATOR

" Peraittivity 4.0

GRADING RING (nvl\o

Fig. 3. Sample Problem Geometry

devices stated above. The saw-tooth
meridional profile was modeled with
splines. The total amount of time to
enter the data for this problem was
approximately 30 minutes. Each
boundary is then constrained. The top
conductor is constrained to 1000
volts, the bottom conductor and the
grading rings were constrained to 0
volts. The insulator 1is set to a
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dielectric
conductivity of 0.3789E-06.
elements are then
problem
this example 129 elements were used.
When using the BEM it is important to

constant of 4.0 and a
Boundary
added to the

geometry (Figure 4). In

Fig. 4. Sample Problem Elements

"pack"” the elements into all corners
and triple points. Failure to do so
introduces error in the boundary
conditions. To solve any problem, the
symmetry of the problem must be
considered. In this example a two-
dimensional type of solver was used,
with the result shown in Figure 5. This

©)
G100
G)

Fig. 5. Sample Problem Solution

type of problem can also be solved
axisymmetrically. To do so, the
geometry must be rotated about the axis
of symmetry and an axisymmetric solver
must be used.



B. Example Solved Froblems:
Figure 6 shows two conducting roda
in a wacuum. Thia problem was solved

Fig. 6. Conducting Rods

galved in two dimensions. The left rod
is constrained to 0 wvolts and the right
rod is consatrained to 1000 welts. The
solution has seventeen voltage contours
gach cepresenting a difference of 3.8
valts, The center contour is at 387
vales., This is easily checked within
the program by setting the cursor at
the desired location and clicking the
mouse., All pertinent information is
displayed. Figure 7 showa Gwo apherea

L, (e
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o
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Fig. 7. Axisymmetric Geometry

rotated abeut a canter Lime. This
problem is solved axisymmetrically.
The top sphere ia constrained to +30
volts apnd the bottom sphece at -3d0
ralts. The ecapter contaus iz at 0
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volta. In figure B the sama geomstry

is used but with the addition of E-

Fields represented by aArrowa. The
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Fig. 8. Contours with E-Field Arrowa

length =f the arrowa indicate the
magnitude of the E-Field at the center
af the tail. The magnitude of the fiesld
at any point can be taken directly from
the sslution using the same technigque
as abowe. Figure % uses the Same
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Fig. 9. 3D0-Profile of E-Fields

geocmetry a3 in Figure 8, but solwves fLor
the f-Field magnituds, and is
represanted in profile form. Figure 10
ia one guarter of a pressurized high
voltage awitch used at the Horizencally
Polarized Dipole (HPD) Electromagnetic
Pulse simulator (EMF) at HKirtlamd Aic
Farce Base The encire switch was

entered about it'a center axis, This
allaws half of the gecmetry o be
rotated and aolved with ke
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Fig. 10. Open Switch Condition

axisymmetric solver. In this case only
one fourth is displayed on the screen,
but the entire geometry is known to the
solver. The electrodes are constrained
to +1000 volts for the top or visible
electrode and to =1000 volts for the
bottom electrode. The flange is set to
0 volts and is held in place by the
housing which is a insulator with a
dielectric constant of 4.0 and a
conductivity of 0.3789E-06. This
problem was solved for egquipotential
contours surrounding the open switch
before closure. This problem shows
that even moderately complex problems
can be solved quickly and easily using
PC based electrostatic codes.

¥I., CONCLUSION

Modern microcomputers are capable
of performing moderately complex
electrostatic analyses using the BEM
technique. FEM type electrostatic
codes were also evaluated and found
suitable for the microcomputer format,
but require more time and hardware to
solve problems of any complexity. The
BEM will solve most problems in a
reasonable amount of time with minimum
hardware requirements. The user
friendly interfaces to PC based codes
allows solutions of high voltage
problems to be entered from the
conceptual stage to the final analyzed
model with a minimum amount of data
entry.
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